Introduction
In [l] the question was raised whether the profinite completion of a torsion-free residually finite group is necessarily torsion-free.
Subsequently, counter-examples were discovered by Evans [2] , and more recently, Lubotsky [4] has shown that there is a finitely generated torsion-free residually finite group whose profinite completion contains a copy of every finite group. In this paper we study the situation more closely for soluble groups. The major result of the paper is the construction of finitely generated centre by metabelian counter-examples in Section 3.
We begin in Section 2 by establishing some positive results showing that there are no counter-examples amongst abelian groups, finitely generated abelian by nilpotent groups or soluble minimax groups.
In Section 3 we first establish counter-examples which are nilpotent of class 2: these are necessarily infinitely generated. Then we give the promised centre by metabelian examples. It is interesting to note that the dichotomy arising here between abelian by nilpotent groups and centre by metabelian groups is the one which arises in the work of Hall [3] .
The set of torsion elements in profinite completions
In this section we explore circumstances in which there is a close relationship between torsion in the profinite completion G of a soluble group G and torsion in G. It is reasonable to restrict attention to the residually finite case, so that G is naturally embedded in G. For any group G we write t(G) for the set of torsion elements of G. If G is residually finite we have t(G) C t(G), and if there is a bound on the orders of the torsion elements of G then t(G) = {g E G 1 g' = l} for some integer e > 0, so that the closure t(G) c t(G). Our first result, a slight generalization of a result shown to us by Zoe Chatzidakis, establishes the reverse inequality when G is abelian.
Proposition 2.1. Let G be a residually finite abelian group.
Then the torsion subgroup of G lies in the closure of the torsion subgroup of G.
Proof. Let h be a torsion element of G, of order n, say. We write G additively.
We must show that for every subgroup U of finite index in G there is a torsion element g, of G such that U + g, is the image of h in G/U. Choose g E G such that h maps to U + g in G/U. Suppose ng jF?nU. Since GlnU has finite exponent it is a direct sum of finite cyclic groups and so is residually finite. Therefore we can find a subgroup V of finite index in G such that nU 5 V and ng@V. Let V + g, be the image of h in G/V. Then we have ng, E V and g, -g E U. It follows that n( g, -g) E nU 5 V so that ng E V, a contradiction.
We conclude that there is an element u E U such that ng = nu. We therefore have U + g, = U + g and ng, = 0, where g, = g-u. 0
Our next objective is to prove a result similar to Proposition 2.1 for finitely generated abelian by nilpotent groups. Let G be finitely generated group with an abelian normal subgroup M such that Q = G/M is nilpotent.
The action of G on M by conjugation endows M with a natural ZQ-module structure, and the profinite topology on G induces the ZQ-module profinite topology on M. Proof. Since q is an element of finite order and Q is finitely generated nilpotent, it follows that Q, = Co(q) has finite index in (2. The profinite topology on M as ZQ-module coincides with the profinite topology as ZQ,-module. Therefore it suffices to show that My"-'+".+y+' ' gy, Note that M""-'+".+Y+r .
IS closed in the profinite ZQ,-module topolo-IS a ZQ,-submodule of M because Q, centralizes 4. Therefore the result follows since MIMY)l-'+~"+Y+', being a finitely generated module for a finitely generated nilpotent group, is residually finite from the classical result of Hall [3] . 0
Lemma 2.3. If Q is a finitely generated nilpotent group then t(Q) = t(e).
Proof. Note that t(Q) and t( 9) are normal subgroups of Q and Q both yielding torsion-free quotients.
The result now follows from the fact that the profinite completion of a finitely generated torsion-free residually finite nilpotent group is again torsion-free. 0
Theorem 2.4. If G is a finitely generated abelian by nilpotent group then t(g) = t(G).
Proof. Let A4 be an abelian normal subgroup such that Q = G/M is nilpotent. First note that, because G is finitely generated and Q is nilpotent, the torsion elements of M have bounded order. and hence
t(G) c t(E).
Now suppose that h is an element of 8 such that h" = 1 for some integer n 2 1. To show that h E t(G) it will suffice to show that for every normal subgroup K of finite index in G there is a torsion element g, of G such that Kg, is the image of h in G/K. Let L, be the image of h in G/K and let g,, g,, .
. be a sequence of elements of L, which converges to h in the profinite topology. By Lemma 2.2, t(Q) = t(e), and so we may assume that every g, has the same image 9 in Q. We may now write h = g,m and g, = g,m, for some m E 2 and some sequence (m,) Lemma 2.5. Let G be a minimax group and let A be a normal subgroup of G which is closed in the profinite topology on G. Then the subspace topology on A induced by the profinite topology on G coincides with the profinite topology on A.
Proof. It will suffice to show that every normal subgroup B of finite index in A is closed in the profinite topology on G. Now if B has index n in A then B contains the subgroup A, generated by all nth powers in A, and A, is normal in G. Since A is closed the group G/A is residually finite, and so has no non-trivial quasicyclic subgroups.
However, A/A,, is finite, and thus G/A,, can have no non-trivial quasicyclic subgroups. Therefore G/A,, is residually finite, and we conclude that both A,, and B are closed in the profinite topology on G. 0 Lemma 2.6. If A is a torsion-free abelian minimax group then the group A^IA is torsion-free and divisible.
Proof. The result follows since it is easy to check that nA^+A=A and nzflA=nA for all positive integers n. 0
Theorem 2.7. Let G be a residually finite soluble minimax group. Then every finite subgroup of G is conjugate to a subgroup of t(G). Consequently, t(G) = t(G).
Proof. The second statement follows from the first since t(G) is clearly closed with respect to conjugation in g and since the elements of t(G) have bounded order.
We shall prove the first statement by induction on the length of a series of normal subgroups of G each of whose factors is either an abelian torsion group or an abelian torsion-free group. The result clearly holds if there is such a series of length 1. Assume that there is a series of length greater than 1, and let A be the first non-trivial subgroup in this series. Replacing A if necessary by its closure in G in the profinite topology we may assume that Q = G/A is residually finite. If A is a torsion group then it is finite, and the result follows immediately by induction. We may therefore assume that A is torsion-free. Let H be a finite subgroup of G: we must show that H is conjugate to a subgroup of G. By induction, the image of H in Q is conjugate to a subgroup of Q. Now Lemma 2.5 shows that the closure of A in G is naturally isomorphic to 2.
Moreover, the groups Q and Q can be identified with G/A and GA/A, respectively. Thus the inductive hypothesis shows that H% is contained in GA for some g E 8. Replacing
H by H' we may assume that H 5 GA^. Since both G and 2 normalize A it follows that H normalizes A. We can view A^ as an H-module and A as an H-submodule via the action of H by conjugation. For each h E H let g,I E G and xh E 2 be elements such that h = g,?x,. Although x,, is not uniquely determined by h, its image in A^IA is uniquely determined because G n A^ = A. In fact, the function 6 : H+ A^IA defined by h w Ax,, is a derivation. Now according to Lemma 2.6 A/A is torsion-free and divisible, and since H is finite it follows that the first cohomology group H'(H, AlA) is zero. Thus 6 is an inner derivation and so there is an element b E A^ such that 6(h) = Ab-'h-'bh for each h E H. This implies that hh belongs to G for each h E H. Thus Hh is the required conjugate of H. 0
The counter-examples
Throughout this section, let p and 4 be prime numbers. We construct groups G which satisfy the following:
(i) G is torsion-free and residually finite, and in the case p = 4, G is residually a finite p-group.
(ii) the profinite completion of G contains an element of order q; (iii) if p = q th en the pro-p completion of G contains an element of order p. We construct two kinds of counter-example.
In the first, described in Examples 3.2 and 3.3, G is nilpotent of class 2, with i_(G) free abelian of finite rank and G/<(G) free abelian of infinite rank. The second kind, described in Theorem 3.9, is finitely generated and centre by metabelian, again with i(G) being free abelian of finite rank and now with G/[(G) isomorphic to a restricted wreath product of a free abelian group of finite rank by an infinite cyclic group.
For the nilpotent example, we fix the following notation. Let n be a natural number and let Z be a free abelian group of rank II. Let z = z,, z, z, 2 . . . a descending chain of subgroups of finite in Z. and this is a contradiction. This completes the proof of (ii). 0
The example constructed in Proposition 3.1 is necessarily torsion-free because it is nilpotent and has torsion-free centre. If in addition the following condition is satisfied, n Z;=l, rzo then it is residually finite. What the proposition ensures is that the closure of Z in 6 is the completion lim Z/Z, t with respect to the filtration by the Z;. As a very simple application we note the following. Proof. Take Z to be an infinite cyclic group, set Z, = Z and Z, = Z"" for each i 2 1 and construct G as in Proposition 3.1. Note that the completion 1E Z/Z; is isomorphic to Z,, C3 Z /qZ, where L, denotes the p-adic integers.
Example 3.3. Let p be a prime. There exists a class-2 nilpotent group G, with centre a free abelian group of rank 2, which is residually a finite p-group but such that G,, contains an element of order p.
Proof. Here, it is convenient to describe Z as a subgroup of Z,, and so we use additive notation for Z. As an abstract additive group, Z, is torsion-free of infinite rank. Let Z be any free abelian subgroup of rank 2. Now set Z,, = Z and for i 2 1, Zj to be p'Z, II ~2. Since Z/Z, is a p-group for all i, it follows that the group G of Proposition 3.1 is actually residually a finite p-group. Finally, note that the completion lim Z/Z, is isomorphic to Z, @ZlpZ and so G,, contains an element of order p. %
We now fix the notation for the centre by metabelian examples, Let n be a positive integer, to be specified more precisely later. Let A denote the ring Z"=Z@..
. @Z, let R denote the Laurent polynomial ring A[x, x-'1 over A, and let 15' be the subgroup (x) of units of R. Define H to be the matrix group This is a finitely generated centre by metabelian group with centre l(H) given by Thus l(H) can be identified with R. We write r for the image in i(H) of an element r E R and similarly for subsets of R.
Lemma 3.4. (i) If N is a normal subgroup of finite index in H then there is an ideal I of finite index in R such that i 5 N.
(ii) If I is an ideal of R then i is closed in the profinite topology on H.
(iii) Let k,l be non-negative integers, and let I be the ideal (xpki' -l)R + p/R of R. Then i is closed in the pro-p topology on H.
Proof. (i) We define
J, = {r E R 1 1 + re,2 E N{(H)} , J2 = {r E R 1 1 + rez3 E Nl(H)} and J= J, n J2, where as usual eii denotes the matrix with (i, j)-entry 1 and all other entries zero.
Thus each of J, , J, and J has finite index in R. Let V be the image of N under the obvious homomorphism from H to U, and let S be the subring of R generated by V. So V has finite index in U, the ring S is Noetherian, and R is finitely generated, by h,, . . , h,,, say, as an S-module. Consideration of conjugation by elements of N shows that each of J,, J2 is an S-submodule, and hence so is J. Since for r,r' E J we have J' 5 N. Now J/J' is a finitely generated module for the finite ring S/(J n S), so that JiJ'is finite, and it follows that R/J2 is finite. Define I, = {r E R 1 rh, E J'} for k=l,..., II. Each Z, has finite index in R, being the kernel of the map r -rh, + J' from R to RIJ2, and hence so has I = n l=, I,. Clearly I is an ideal of R with the property that f5 N.
For both parts (ii) and (iii) it is useful to note that H/[(H)
is isomorphic to a restricted wreath product of a free abelian group of rank 2n by an infinite cyclic group, and is therefore residually a finite p-group. Thus i(H) is closed in the pro-p topology on H and a fortiori in the profinite topology.
(ii) Let K denote the kernel of the natural homomorphism H+GL,(R/Z). Since R/I is a finite generated commutative ring, GL,(RIZ) is residually finite, and hence K is closed in the profinite topology on H. It follows that r= K fl i(H) is closed.
(iii) In this case, the image of H in GL,(RIZ) is a finite p-group and it follows by an argument similar to (ii) that i is closed in the pro-p topology on H. This completes the proof of Lemma 3.4. 0
Let B be a free abelian group of rank n. Our examples are obtained by making a careful choice of group homomorphism cp : R-B and setting
G = (H x B)iA , where A = {(i, cp(r)) 1 r E R} .
Let B 2 B,, 2 B, 2 B2 2 B, 2 . . . be a descending chain of subgroups of finite index in B. We use additive notation for the group operation in B. Suppose that C is a further subgroup of finite index with C 5 B,,. We shall need to ensure that the chain of Bi satisfies various conditions, and we record the fact that an appropriate choice can be made next. Proof. It suffices to choose a rank n free abelian group B,, and subgroups Bi and C so that (ii)-( vi are satisfied. Then B,, can be embedded in B so that (i) holds. ) If p and q are distinct then the situation is very simple: take n = 1 so that B,, is infinite cyclic, let B, be the subgroup of index pk and let C be the subgroup of index q. We leave it to the reader to confirm that (ii)-are satisfied in this case. Now suppose that p = q. Take n = 2 and regard B,, as a rank-2 free abelian subgroup of the additive group Z,] of p-adic integers which contains 1. Let B, = pkZ!,, fl B,, for k 2 0. Choose C to be a subgroup of index p in B, such that B, + C = B,,. Now (iv)- (vi) are clearly satisfied, and it is easy to check (ii). Finally, (iii) is implied by (ii) because C is a proper subgroup of B,,. 0
In the following lemma we consider additive homomorphisms from the ring A to B.
Lemma 3.6. There is a family of homomorphisms (v,),~~ from A to B with the following properties:
(i) 'po is the trivial homomorphism; (ii) for each k 2 0, 'pPk maps A isomorphically to B, ; (iii) if i is not a power of p then the image of 'pi is contained in C; (iv) ifk~Oandi=jmodpk"thencp,=cp,modB,.
Proof. We define 'p, by induction on Iii, beginning with 'po = 0. Suppose that h is a positive integer and that 'p, has been defined for all i with Ii1 < h in such a way that
hold. We now define (Pi and (P_~. Let m be the largest integer such that pm 1 (h -i) for some i with (iI < h, and for definiteness let 1 be the least i which witnesses this. If h = pk for some k 2 0 then choose (ph to be any homomorphism which satisfies (ii), and in all other cases set qJo/1 equal to 9,. Since 1 is necessarily non-positive the image of 9, is contained in C, and hence when h is not a power of p, the image of (ph is contained in C. Now we set (P_,~ equal to cp_, + 8 where 8 : A+ B is chosen as follows. We recall that the ring A is the direct sum of n copies of Z; let e, be the generator of the rth direct summand for 15 r I n. Since B,, + C = B, we can write cp_,(e,) = b, + c, with 6, E B, and c, E C, for each r with 15 r 5 n. Let 0 be the map defined by 0(e,) = -6,. Thus the image of f3 is contained in B,, and the image of 'p-1, = qo, + 8 is contained in C. It remains to check that (iv) holds for i = +h and any integer j lying between -h and h. We consider three cases:
Case 1 
Case3.
i=handj=-h.Ifh~-hmodp"+'thenp.'+'divides2h,soifpis odd then p" + ' divides h. In any case, p' divides h, whether or not p is odd. We can reduce to one of the cases already considered provided that there is an i with ]il < h such that i = h mod p'+'. Thus the only case we need to consider is when p = 2 and h = 2". In this case m = s and 1= 0 and the result follows from the definitions of 'pl, and cp_/,. 0
Using the 'p, constructed above, we define an additive homomorphism cp from R to B by cp(ax') = q;(a), f or a E A and i E Z. Through the identification of R with l(H), there are two natural topologies on R which we need to consider: there is the profinite ideal topology on R, which by Lemma 3.4(i) and (ii) coincides with the subspace topology on c(H) induced by the profinite topology on H, and there is the topology on R which coincides with the subspace topology on i(H) induced by the pro-p topology on H. We shall denote these topologies by r and r,, respectively.
The following general result can be applied in either case. 
However, pk <pk + j2 -j, spk + 1 <pk+', and this implies that ~(ax"k+'2-'l) = VP" +;,-j,(a) E C, so by virtue of (**) we must also have q,+(a) = cp(axp') E C, in contradiction to (*). This completes the proof. 0 (i) G is torsion-free, finitely generated, and centre by metabelian.
(ii) G is residually finite, and if p = q then G is residually a finite p-group.
(iii) The profinite completion of G contains an element of order q, and if p = q then the pro-p completion of G contains an element of order p.
Proof. (i) First note that G/[(G)
is isomorphic to H/l(H) and so is torsion-free and metabelian.
Since l(G) is naturally isomorphic to B it follows that G is torsion-free and centre by metabelian. Finally G is finitely generated since both H and B are.
(ii) Note that H x B is residually a finite p-group. We need to check that A is closed in the profinite topology, and that if p = q then it is closed in the pro-p topology.
Clearly It is now easy to see that (i, b) is not in (qel(BA) x B,)A, a contradiction.
(iii) We can regard the natural map B+ G as identifying B isomorphically with a central subgroup of G. Lemma 3.8(ii) shows that C is not closed. Since Bz is contained in and has finite index in C, it follows that this subgroup is again not closed. On the other hand, B,, is closed. Therefore there exists b E B such that by belongs to the closure of B,fl but not to Bz itself. Let b, be a sequence of elements of B,, such that by converges to bY. Passing to a subsequence of the b, we may assume that the sequence converges in the profinite completion of G to an element b,. Evidently b-lb, has order q, and the proof of Theorem 3.9 is complete. 0
